SYMPLECTIC HOMOLOGY OF DISC COTANGENT BUNDLES OF 
DOMAINS IN EUCLIDEAN SPACE 



KEI IRIE 



Abstract. Let V be a bounded domain with smooth boundary in R", and D*V denote 
its disc cotangent bundle. We compute symplectic homology of D*V, in terms of relative 
homology of loop spaces on the closure of V. We use this result to show that Floer-Hofer 
capacity of D*V is between 2r(V) and 2(n + l)r(V), where r(V) denotes inradius of V. 
As an application, we study periodic billiard trajectories on V. 



1. Introduction 

1.1. Main result. Let us consider the symplectic vector space T*M. n , with coordinates 
pi, . . . , p n , qi, . . . , q n and the standard symplectic form u n := dp\ A dq\ + ■ • • + dp n A dq n . 
For any bounded open set U C T*IR n and real numbers a < b, one can define a Z2-module 
SH^°'^(Z7), which is called symplectic homology. This invariant was first introduced in [B]. 
Our first goal is to compute SB^' b \U), when U is a disk cotangent bundle of a domain 
inM n . 

First let us fix notaions. For any domain (i.e. connected open set) V C M n , its disc 
cotangent bundle D*V C T*R n is defined as 

D*V := {(q,p) G T*R n \qeV,\p\< 1}. 

We use the following notations for loop spaces: 

• A{R n ) := W 1 - 2 (S ,1 ,R n ), where S 1 := R/Z. 

• A <a (M n ) := {7 e A(M n ) I length of 7 < a}. 

• For any subset S C I™, we set 

A(5) := {7 G A(M n ) I 7 (S 1 ) c 5}, A <a (S) := A(S) fi A < °(R ri ). 

Then, the main result in this note is the following: 

Theorem 1.1. Let V be a bounded domain with smooth boundary in M. n , and V denote 
its closure in MJ 1 . For any a < and b > 0, there exists a natural isomorphism 

SRM(D*V) = (A <b (V), A <b (V) \ A(V)) . 
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Moreover, for any < b < b the following diagram commutes: 



SH M )(£>*y) -=+H*(A <b ~{V),A <b ~(V)\A(V)) 



SR^ b+ \D*V) 



H*(A< b+ (V),A< b+ (V)\A(V)). 



The left vertical arrow is a natural map in symplectic homology, and the right vertical 
arrow is induced by an inclusion. 

1.2. Floer-Hofer capacity and periodic billiard trajectory. By using symplectic 
homology, one can define Floer-Hofer capacity, which is denoted as cfh- Floer-Hofer 
capacity was introduced in [7]. We recall its definition in Section 2.4. Floer-Hofer capacity 
of a disk cotangent bundle D*V is important in a study of periodic billiard trajectories on 
V (for precise definition, see Definition 16. 3ft : 

Proposition 1.2. Let V be a bounded domain with smooth boundary in MP. Then, there 
exists a periodic billiard trajectory 7 on V with at most n + 1 bounce times such that 
length 0/7 = Cfh(D*V). 

Remark 1.3. The idea of using symplectic capacity to study periodic billiard trajectory is 
due to Viterbo [12]. See also [5J, in which a result similar to Prop osit ion 1 1 . 2 1 ( Theorem 2.13 
in [5]) is proved. Proposition 11.21 is essentially same as Theorem 13 in [3]. However, our 
formulation of symplectic homology in this note is bit different from that in [9J, in which 
we used Viterbo's symplectic homology [TT]. Hence we include a proof of Proposition 11.21 
in Section 6, for the sake of completeness. 

Given Proposition 11.21 it is natural to ask if one can compute cffl(D*V) by using only 
elementary (i.e. singular) homology theory. The following Corollarv ll.4l of our main result 
gives an answer to this question. For any x G V, c x denotes the constant loop at x. 

Corollary 1.4. Let V be a bounded domain with smooth boundary in W 1 , and b > 0. Let 



us define L b : (V,dV) (A <b (V) , A <b (V) \ A(V)) by i b (x) := c x . Let (i b ), denote the 



To prove Corollary 11.41 we need to combine our main result Theorem 11.11 with results 
in [8]. Corollary 11.41 is proved in Section 6. 

1.3. Floer-Hofer capacity and inradius. Using Corollary II A\ one can obtain a quite 
good estimate of cfu(D*V) by using inradius of V. First let us define the notion of 
inradius: 

Definition 1.5. Let V be a domain in M n . Inradius of V, which is denoted as r(V), is 
the supremum of radius of balls in V. In other words, r(V) := supdist(x, dV). 




(V)\A(V)) vanishes}. 



Our estimate of Floer-Hofer capacity is the following: 
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Theorem 1.6. Let V be a bounded domain with smooth boundary in M. n . Then, there 
holds 2r(V) < c Fn {D*V) < 2(n + l)r(V). 

Combined with Proposition \1.2\ Theorem 11.61 implies the following result: 

Corollary 1.7. Let V be a bounded domain with smooth boundary in W 1 . There exists 
a periodic billiard trajectory on V with at most n + 1 bounce times and length between 
2r(V) and2(n + l)r(V). 

Remark 1.8. Let £(V) denote the infimum of lengths of periodic billiard trajectories on 
V. Corollary 11.71 shows that £(V) < 2(n + l)r(V). When V is convex, this result was 
already established as Theorem 1.3 in [5]. On the other hand, the main result in [9] is 
that £(V) < const n r(V) for any domain V with smooth boundary in M. n . 

Theorem 11.61 is proved in Section 7. Here we give a short comment on the proof. 
Actually, the lower bound is immediate from Corollary ll.4[ and the issue is to prove the 
upper bound. By Corollary II A\ it is enough to show that if b > 2(n + l)r(V), then 
(L)*[(V,dV)] = 0. We will prove it by constructing a (n+ l)-chain in (A <b (V), A <b (V) \ 
A(V)) which bounds (V,dV). Details are carried out in Section 7. 

1.4. Organization of the paper. In Section 2, we recall the definition and main prop- 
erties of symplectic homology, following [B|. In Section 3, we recall Morse theory for 
Lagrangian action functional on loop spaces, following pQ, [3]. The goal in these sections 
is to fix a setup for arguments in Sections 4, 5, 6. 

In Section 4, we prove our main result Theorem ll.il The proof consists of two steps: 

Stepl: In Theorem 14. 2\ we prove an isomorphism between Floer homology of a qua- 
dratic Hamiltonian on T*IR n and Morse homology of its Legendre transform. 

Step2: By taking a limit of Hamiltonians, we deduce Theorem 11.11 from Theorem 14.21 

Our proof of Theorem 14.21 is based on [2] : we consturct an isomorphism by using so 
called hybrid moduli spaces. However, since we will work on T*IR n , proofs of various C°- 
estimates for (hybrid) Floer trajectories are not automatic. Techniques in [2] (in which 
authors are working on cotangent bundles of compact manifolds) do not seem to work 
directly in our setting. To prove C°- estimates for Floer trajectories in our setting, we 
combinte techniques in [2] and [B|. Proofs of C°- estimates are carried out in Section 5. 

In Section 6, we discuss Floer-Hofer capacity and periodic billiard trajectory. The goal 
of this section is to prove Proposition 11.21 and Corollary 11.41 

In Section 7, we prove Theorem 11.61 This section can be read almost independently 
from the other parts of the paper. 

2. Symplectic homology 

We recall the definition and main properties of symplectic homology. We basically 
follow [6]. 
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2.1. Hamiltonian. For H G C°°(T*IR n ), its Hamiltonian vector field Xh is defined as 

For H G C ao (5 ,1 xT*R n ) and t G S 1 , H t G C°°(T*M n ) is defined as H t (q,p) := H(t,q,p). 
&(H) denotes the set of periodic orbits of (Xn^tes 1 ) i- e - 

&>{H) := {x G C 0O (5' 1 ) r*R n ) | x(t) = X Ht (x(t))}. 

x G &(H) is called nondegenerate if 1 is not an eigenvalue of 1-periodic Poincare map 
associated with x. We introduce the following conditions on H G C°°(S 1 x T*R n ): 

(HO): Every element in &(H) is nondegenerate. 

(HI): There exists a G (0, oo) \ 7rZ such that sup ||f/t — Q a \\c 1 (T*R n ) < oo, where 

Q a (q,p):=a(\q\ 2 + \p\ 2 ). 

Remark 2.1. A class of Hamiltonians considered in this note is bit different from that in 
[BJ. To put it more precisely, (HI) is more restrictive than conditions (6), (7) in [BJ. On 
the other hand, we do not need condition (8) in [BJ. It is easy to see that our definition 
of symplectic homology is equivalent to that in (BJ, see Remark 12.61 

Lemma 2.2. For any H G C°°(S l x TR n ) which satisfies (HI), &>(H) is C° -bounded. 
In particular, if H also satisfies (HO), then £P(H) is a finite set. 

Proof. Suppose that there exists H G C 00 ^ 1 x T*R n ) which satisfies (HI) and &>(H) 
is not C°-bounded. Then there exists a sequence (x,-).j=i,2,... oia &(H) such that Rj := 
max \ Xj (t)\ goes to oo as j -> oo. Set Vj : S 1 -> T*R n and h j G C 0O ( i S' 1 x T*M n ) by 

:= ^(t)/^, h j (t, q,p) := H{t, Rjq, Rjp)/R). 

It is easy to show that Vj G £^{h r ). Moreover, since sup \\dH t — dQ a \\co < oo, 

tes 1 

(1) lim sup \\dh{ - dQ a \\ c o = 0. 

By definition, max |fj(t)| = 1. In particular, (vj)j is C°-bounded. Moreover, since dtVj = 

X h i(vj), ([I]) shows that (vj)j is C -bounded. Hence, up to subsequence, (vj)j converges 
in C°(S\ T*R n ). We denote the limit as v. 

Then, notice the following inequality: 

IX, 



h i( Vj (t))-X Q a(v(t))\dt< / \X hi (v j (t))-X Qa (v j (t))\dt+ \X Qa ( Vj (t))-X Qa (v(t))\dt. 

Jo Jo 

As j — > oo, the first term in RHS goes to by (jTJ), and the second term in RHS goes to 
since Vj converges to v in C . Therefore, for any < to < 1) 

v(t ) - v(0) = lim Vj (t ) - Vj(0) = lim / X, j(vJt)) dt = X Q *(y(t)) dt, 

j^°°Jo 1 Jo 

hence v G & > {Q a \. On the other hand, it is clear that max|t>(t)| = 1. This is a con- 

tes 1 

tradiction, since a ^ 7rZ implies that the only element in £P(Q a ) is the constant loop at 
(0,...,0). ' " □ 



H G C^iS 1 x T*R n ) is called admissible if it satisfies (HO) and (HI). 



2.2. Truncated Floer homology. Let J = (J^t^s 1 be a time dependent almost complex 
structure on T*R n , such that: 

(Jl): For any t G S , J t is compatible with co n , i.e. gj t (£, rf) := u) n (£, J t r]) is a Riemannian 
metric on T*R n . 

Let H G C 00 ^ 1 x T*R n ) be an admissible Hamiltonian. For any x^,x + G £P(H), we 
introduce the Floer trajectory space in the usual manner: 

■^h j(a?-, s+) := {u:Rx S 1 ^ T*R n \ d s u - J t (d t u - X Ht (u)) = 0, lim u(s) = x±}. 

s— >±oo 

We set ^h,j{x-,x+) '■= ^h, x + )/R, where R action on ^h,j(x-,x + ) is defined by 
a shift on the s-variable. 

Here we introduce the standard complex structure J st d on T*IR n . It is defined as 

Jstd(d Pi ) := d qi , J s td(d qi ) := —d Pi . 
Now we state our first C°-estimate. It is proved in Section 5. 
Lemma 2.3. There exists a constant e > which satisfies the following property: 

For any admissible Hamiltonian H G C°°(S 1 x T*IR n ) and J = (J^tes 1 

which satisfies (Jl) and sup \\J t — J s td||c° < £ > ^h,j{x~,x+) is C°-bounded 

t 

for any X-,x + G &(H). 

Now we recall the definition of Floer homology. For any 7 G C°°(5' 1 , T*R n ), we set 

st H {i) ■= ^7*(l> d *) -H(t n (t))dt. 

For any real numbers a < 6, Floer chain complex CFjf' 6 ' (H) is a free Z 2 module generated 
over {7 G &(H) \ £^h(i) G [a, b)}, indexed by the Conley-Zehnder index indcz- For the 
definition of Conley-Zehnder index, see Section 1.3 in [6]. 

Suppose that J = (J^t^s 1 satisfies (Jl) and each J t is sufficiently close to J st d- Lemma 
12.31 shows that for generic J, ^jj t j(x-,x + ) is a compact 0-dimensional manifold for any 
X-,x + G &(H) such that indcz(^-) — indcz(^+) = 1- Then we define Floer differential 
d H>J onCF^ b \H) as 

d H ,j([x-]) := ^ ^h,j(x-,x + ) ■ [x+\. 

indcz (x+ )=indcz (»-)— 1 

The usual gluing argument shows that d 2 H J = 0. KF [ ?> b) (H 7 J) := H,(CF^ b) (H), d H ,j) is 
called truncated Floer homology. 
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2.3. Symplectic homology. Suppose that we are given the following data: 

• Admissible Hamiltonians H-,H + G C 00 ^ 1 x T*R n ) 

• J~ = (J^)tes 1 ^ J + — (^ + )tG5 1 ) which satisfy (Jl). Moreover, all J t ~, J t + are 
sufficiently close to J st d- 

We assume that EF^ ,b \H~, J~), RF [ ^ b) (H + , J + ) are well-defined. If H < H + , i.e. 
H~(t,q,p) < H + (t,q,p) for any t G S 1 and (q,p) G T*R n , one can define monotonicity 
homomorphism 

HF [ °' b) (H-, J-) -> HF[ a ' 6) (iJ + , J+) 

in the following way. 

First we introduce the following conditions on H G C°°(R x S 1 x T*R n ): 



(HH1): There exists so > such that H(s,t,q,p) 



H(s ,t,q,p) (s > s ) 

H(-s ,t,q,p) (s<-s o y 

(HH2): d s H(s,t,q,p) > for any (s,t,q,p) G 1 x 5 1 x T*R™. 
(HH3): There exists a(s) G C°°(R) such that: 

• a'(s) > for any s. 

• a{s) G vrZ =>■ a'(s) > 0. 

• Setting A(s,t,q,p) := H(s,t,q,p) - Q a( - S \q,p), there holds 

SUP ||A S)t || C l( T * R n) < OO, SUp ||9 s A S)t || C 0( T . R n) < oo. 

(s,t) (s,t) 

If if satisfies (HH1), (HH2), (HH3) and Hf = H± SQit , H is called homotopy from H~ 
to H + . For any H~ and Jf + such that H~ < H + , there exists a homotopy from f/~ to 
H + . In fact, take p G C°°(R) such that 

s > 1 =>• p{s) = 1, s < =>• p(s) = 0, < s < 1 p(s) G (0, 1), p'(s) > 0. 

Then H(s, t, q,p) := p(s)H + (t ) q,p) + (1 — p(s))H~(t, q,p) is a homotopy from H to f/ + . 

Next we introduce conditions on J = (Js^isfieRxS 1 , a family of almost complex struc- 
tures on T*R n parametrized by R x S 1 : 



(JJ1): There exists Si > such that J s ,t(q,p) 



J-s u t(q,p) (s<-si) 
(JJ2): For any (s,t) Glx S 1 , J s j is compatible with co n . 



If J satisfies (JJ1), (JJ2) and J t = J± si;t , J is called homotopy from J to J + . 

Let H G C°°(R xS'x T*R") be a homotopy from if" to H + , and J = (J s ,t)( s ,t)eRxS^ 
be a homotopy from J~ to J + . For any x_ G £P(H~) and x + G ^(H + ), we define 

^H-,j(a;_,a: + ) := {m : RxS 1 ->■ T*R™ | d s u- J s , t (d t u-X Hst (u)) = 0, lim «(s) = x±}. 

Now we state our second C°-estimate. It is proved in Section 5. 

Lemma 2.4. There exists a constant e > which satisfies the following property: 



If J = (J s ,t)(s,t)eKx5 1 satisfies sup\\J Stt - J st d\\c° < £, ^h,j{x-,x+) is 

s,t 

C° -bounded for any X- G &{H~), x + G ^(H + ). 

Lemma [231 shows that, if J is generic and all J S;t are sufficiently close to J st d, ^h,j{x-, x+) 
is a compact O-dimensional manifold for any x_ G &{H~), x + G £P(H + ) such that 
indcz(x-) = ind C z(a; + ). We define $ : CF^ b \H~, J') -)• CF[ a ' 6 )(#+ J + ) by 

$ (M) : = E mw*"^) • [x + \. 

ind cz (cc+) =ind cz (x~ ) 

The usual gluing argument shows that $ is a chain map. Monotonicity homomorphism 

: EF [ °' b) (H-, r) -> HFi a ' 6) (F + , J + ) 

is a homomorphism on homology induced by $. It is possible to show that $* does not 
depend on choices of H and J, see Section 4.3 in [6]. 

Remark 2.5. Let if be an admissible Hamiltonian, and J°, J 1 be S 1 - parametrized almost 
complex structures such that RF [ ^ b) (H, J°), EF^ ,b \H, J 1 ) are well-defined. Then, it is 
possible to show that the monotonicity homomorphism H.F^' b \H, J°) — > HF^ (if, J 1 ) is 
isomorphic. Hence HF^' b \H,J) does not depend on J, and we denote it as HF^' b \H). 
Moreover, for two admissible Hamiltonians H~,H + satisfying H~ < H + , a monotonicity 
homomorphism HF[ a ' 6) (#~) -»■ HF[ a ' b) (ii + ) is well-defined. 



We define symplectic homology. Let C/ be a bounded open set in T*R n . Let denote 
the set consists of admissible Hamiltonians H such that H\ s i x (j < 0. M\j is a directed 
set with a relation 

H < H + <^ H~(t,q,p) < H + (t,q,p) (V(t,g,p) 6 S 1 x T*IR n ). 

Then, for any — oo < a < 6 < oo, we define symplectic homology SHj?' 6 )(i7) by 

SH[ a ' 6) ([7) := lim HF^ (If). 

If 17 C V, then obviously ^7 C Hence there exists a natural homomorphism 

SR^ b \v) -> SH^C/). 

Moreover, for any a ± , 5 ± G R such that a - < a + , b~ < b + , a" < b~ , a + < b + , there exists 
a natural homomorphism SR [ f' b ~\U) ->■ SH[ a+ ' b+) ([7). 



Remark 2.6. As noted in Remark 12. 11 a class of Hamiltonians considered here is different 
from that in [6]. However, our definition of symplectic homology given above is equivalent 
to the definition in [6] (see Section 1.6 in [6]). A key fact is that compact perturbations 
of quadratic Hamiltonians are admissible both in our sence and sence in [6]. 



2.4. Floer-Hofer capacity. Finally, we define Floer-Hofer capacity, which is originally 
due to [7]. For any bounded open set U and b > 0, we define 

SHi°' 6) (f7) := lim SH[f' b) (f7). 
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When U C V, there exists a natural homomorphism SH£°'^(V) — > SH^' b \U). For any 
p G T*R™, we define 

e\p) := lim m^l(B" n (p:e)) 

where B 2n (p : e) denotes the open ball in T*R n with center p and radius e. It is known 
that Q\p) S Z 2 , see pp. 603-604 in [7J. 

Let [/ be a bounded domain (hence connected) in T*R n . Taking p & U arbitrarily, we 
define Floer-Hofer capacity of U as 

c FH (C/) := inf{6 | SH2+2(Z7) & b (p) = Z 2 is onto}. 
It's known that the above definition does not depend on choices of p. See pp.604 in [7J. 



3. Loop space homology 



In this section, we recall Morse theory on loop spaces for Lagrangian action functionals. 
We mainly follow [T] , [5] . 

3.1. Lagrangian action functional. Recall that we used a notation A(R n ) := W 1 ' 2 (S 1 , R n ) 
Given L G C co (S 1 x TIR n ), we consider an action functional 

<9> L : A(R n ) ->■ R; 7 ^ / L{t^(t)^{t))dt. 

We introduce the following conditions on L: 

(LI): There exists a G (0, oo) \ 7rZ such that 
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sup 



L(t,q,v) - ( — - a|g 



< OO. 

C 2 (TR n ) 



(L2): There exists a constant c > such that 8%L(t, q,v) > c for any (t, g, t>) G S* 1 x TR n . 

Notice that (LI) implies the following estimates: 
(LI)': \D 2 L{t,q,v)\ < const, 

\d q L(t, q,v)\ < const (1 + \q\), \d v L(t, q,v)\ < const(l + \v\), 
\L(t,q,v)\ < const (1 + \q\ 2 + \v\ 2 ). 

Lemma 3.1. If L satisfies (LI) and (L2), the following holds. 

(1) : A(R n ) — > R is a Frechet C l function. Its differential dS^i is given by 

dy L mo = I d q L(t n ,j)t(t)+d v L(t n ,j)£(t)dt. 



JS 1 

Moreover, dS^i is Gataux differentiate. We denote the differential by d 2 ^^. 
(2) 7 G A(R n ) satisfies d5P L {i) = if and only ifj G C roc (S ,1 ,R n ) and 

a,L(t,7,7)-^(a„L(t, 7 ,7)) =0. 



Proof. Using (LI)' and (L2), the proof is same as Proposition 3.1 in [3]. □ 

Let us set &(L) := {7 G A(IR n ) | &S? L {j) = 0}. 7 G 3?{L) is called nondegenerate if 
d 2 S^L{l) is nondegenerate as a symmetric bilinear form on T 7 A(M n ) = W ' 2 (S , R n ). 

For each 7 G A(M n ), £^(7) G T 7 A(M n ) = W 1 ' 2 ^ 1 ,^) is defined so that 

We show that the pair (=5^, DS^l) satisfies the Palais-Smale (PS) condition. First let us 
recall what the PS condition is: 

Definition 3.2. Let M be a Hilbert manifold, / : M — ► R be a C 1 function, and X be 
a continuous vector field on M. A sequence (pfc)fc on M is called a Palais-Smale (PS) 
sequence, if (f(pk))k is bounded, and lim df(X(p k )) = 0. The pair (f,X) satisfies the 

fc— >oo 

PS-condition, if any PS sequence contains a convergent subsequence. 

Lemma 3.3. Suppose that L G C 00 ^ 1 x TR n ) satisfies (LI). Let ( 7fc ) fc be a sequence on 
A(R n ) such that both S^hi^ik) an d \\D S^Ld^Ww 1 - 2 are bounded. Then, (jk)k is C° -bounded. 

Proof. Suppose that there exists a sequence (jk)k such that both ^1,(7^), 1 1 ZP^^x, (TJfc) II w 1 ' 3 
are bounded, and m k := max|7 fc (t)| goes to 00 as k — >■ 00. We define 6 k G A(IR n ) and 

l k G C 00 ^ 1 x TR n ) by 

h{t) -=lk{t)/m k , lk(t,q,p) := L(t,m k q,m k p)/m k 2 . 

We show that (6k) k is W^-bounded. Since (S k ) k is obviously C°-bounded, it is enough 
to show that (5 k ) k is L 2 -bounded. First notice that 

\imy lk (6 k )= lim ^M = 0. 

fc— >oo fc— >oo 77lfc 

On the other hand, since L satisfies (LI), 

lim y lk (6 k ) - ( f ^-a\6 k \ 2 dt) =0. 

fc^oo \J S 1 ^ a / 

Thus (6k)k is L 2 -bounded. 

By taking a subsequence of (S k ) k , we may assume that there exists 6 G A(IR n ) such that 
lim \\6 k — 6\\co = 0, and 6 k — > 6 (k — > 00) weakly in L 2 . 

fc— foo 

We prove that d5?i(6) = 0, where l(t,q,v) := |t>| 2 /4a — a|g| 2 . It means that 6 G 
C°°(S' 1 ,IR ri ) and 6(t) +4a 2 5(t) = 0. Since a <£ vrZ, it means that 6(t) = 0. However, since 
max \6(t)\ = lim max |5fc(t)| = 1, it is a contradiction. 

igS 1 fc-^oo t&S 1 

To prove d5^\(5) = 0, first notice that 

r \\ncs(x\\\ v \\ D ^Lhk)\\w^ n 
lim ||Z? Ojfej ^1,2 = lim = 0. 

fc— >oo fc— >oo 777,/j 

Hence it is enough to show that for any £ G C°°(S' 1 ,M n ) there holds 

lim (d^,(<y) - dS^(6 k ))(0 = 0, lim (rf^(^) - d^i h (6 k ))(0 = 0. 

fc— >OD k—>00 
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To check the first claim, notice the following equation: 

(dS^S) - d5W))(£) = J i m ~ " £® ~ M S (t) - **(*)) • m dt. 

Then, since 5k converges to 5 weakly in L 2 , RHS goes to as k — > oo. The second claim 
follows from lim ||/ — IkWc 1 = 0. □ 

Corollary 3.4. Suppose that L G C°°(S' 1 x TR n ) satisfies (LI) and (L2). Then, the pair 
{y L ,D,y L ) satisfies the PS-condition on A(M n ). 

Proof. Suppose that (j^k is a PS-sequence with respect to (J^l, D5?l). Then, Lemma 
13.31 shows that (7*.)*. is C° _ bounded. Then, Proposition 3.3 in [3] shows that (j^k has a 
convergent subsequence. □ 

3.2. Construction of a downward pseudo-gradient. Suppose that L G C°°(S' 1 x 
TM n ) satisfies (LI) and (L2). To define a Morse complex of J^, we need the following 
condition: 

(L0): Every 7 G &(V) is nondegenerate. 

The following lemma (basically same as Theorem 4.1 in [3]) constructs a downward 
pseudo-gradient vector field for J?£. For definitions of terms "Lyapunov function" , "Morse 
vector field", "Morse-Smale function", see Section 2 of [3|. 

Lemma 3.5. If L £ C 00 ^ 1 x TIR n ) satisfies (L0), (LI), (L2), there exists a smooth 
vector field X on A(IR n ) which satisfies the following conditions: 

(1) X is complete. 

(2) y L is a Lyapunov function for X . 

(3) X is a Morse vector field. X(j) = if and only if 7 e &{V). Every 7 e &{V) 
has a finite Morse index, which is denoted as indMorse (7) ■ 

(4) The pair (y L ,X) satisfies the Palais-Smale condition. 

(5) X satisfies the Morse-Smale condition up to every order. 

Proof. In the course of this proof, we use the following abbreviation: 

{a < y L < b} := {7 G A(R n ) I a < ^(7) < b}. 

Moreover, || ■ Hiy 1 * 2 is abbreviated as || • ||. 

Since (=5^, DS^i) satisfies the PS-condition, and all critical points are nondegenerate, 
for any a < b there exist only finitely many critical points of on {a < J^l < b}. We 
denote them as 71, . . . , j m . 

For each 1 < j < m, Lemma 4.1 in [3] shows that there exist U lv Y 1 . such that: 

• ZZy. is a neighborhood of jj in {a < J^l < b}. 

• Yj. is a smooth vector field on XJ~ ti . 
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• 7j is a critical point of Y lj with a finite Morse index, and there holds 

^ L (Y 7 .( 7 )) < -A( 7i )||7-7iH 2 (V7 e 
where A (7^) is a positive constant. 

By taking U^. sufficiently small, we may asume that ||V 7j || < 1 on U ly We take a smaller 
neighborhood Vy. such that V^. C U ly 

Since {S^LiDS^l) satisfies the PS-condition, there exists e > such that : for any 
7 G {a < y L < b} \ (U 71 U • • ■ U U 7m ), \\DS* L (j)\\ > e. For each 7 £ C/ 71 U • • • U C/ 7m , set 
y 7 := -D^ £ (7)/||D^ L (7)||. Then, obviously ||y 7 || = f. Moreover, 

(LSTlWOQ = (D^( 7 ),y 7 ) = -11^(7)11 < -e. 
Since =5*^ is of C 1 by Lemma [3.11 (1), if C/ 7 is a sufficiently small neighborhood of 7, 

y G [/ 7 =^ ^( 7 ')(y 7 ) < -e/2. 



We may also assume that U 1 is disjoint from V lx U • • • U V 7m . Moreover, since A(R n ) is 
paracompact, we can define a locally finite open covering {[/" 7 } 7er of {a < =5^ < b} such 
that 71, . . . ,7m e r. 

Let {x-y}-yer be a partition of unity with respect to {t/ 7 } 7e r- Then we define a vector 
field Y on {a < S? L < b} by Y : = ^X 7 >V 

Since each Y 1 satisfies \\Yy\\ < 1, it is clear 

7 er 

that ||y|| < 1. Moreover, there exists c > such that 

7 i v lx U ■ • • U v lm =► ^( 7 )(y(7)) < -c 

Now we show that (J?l, y) satisfies the PS-condition on {a < J?£ < 6}. Let (scjfe)* be a 
sequence on {a < J?£ < 6} such that lim d^i,(:Efc)(y = 0. Then, G V 7l U- ■ -UV^ 

k—>oo 

for sufficiently large fc. By taking a subsequence, we may assume that x k G V 7l for any 
sufficiently large k. Then, since 

dy L {x k ){Y{x k )) = dy L (x k )(Y ri (x k )) < -A( 7l )||x* - 7i II 2 , 

there holds lim \\x k — 7i|| = 0. Thus (J^y) satisfies the PS condition. We have defined 

k— ¥00 

a smooth vector field Y on {a < S^l < b}, which satisfies (2), (3), (4) and ||y|| < 1. 

Finally we construct X on A(M n ). Take a sequence of closed intervals (I m ) m & with the 
following properties: 

• (min I m ) m , ( max -^m)m are increasing sequences. 

m 

• I m fl I m r 7^ if and only if \m — m'\ < 1. 

• For any m G Z, I m fl J TO +i does not contain critical values of J^j,. 

For every m, there exists a smooth vector field X m on {min/ m < S?i, < max/ m } which 
satisfies (2), (3), (4) and ||X m || < 1. Finally, taking a partition of unity (p m ) m with 
respect to an open covering {min/ m < y L < max/ m } m of A(IR n ), we define a vector field 
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X on A(R n ) by X := ^p m X m . Then, it is easy to check that (J?%X) satisfies the PS 

m 

condition. Moreover, since X satisfies ||X|| < 1 everywhere, X is complete. 

The vector field X defined as above satisfies (l)-(4) in the statement. Since it is 
of C 00 , the Sard-Smale theorem shows that (5) is satisfied by a sufficiently small C°° 
perturbation. □ 



3.3. Morse complex. Let X be a downward pseudo-gradient for S^l on A(M n ), which 
is constructed in Lemma 13.51 Since X is complete, one can define (ipf')teM., a family of 
diffeomorphisms on A(IR n ) so that 

= id A (R«), dt{(p?) = X((p?). 
For each 7 G ^(L), its stable and unstable manifolds are defined as 

W s {j : X) := {p G A(R n ) I lim <p?(p) = 7}, ^(7 : X) := {p G A(R n ) | lim ip?(p) = 7}. 

t— >oo t— > — 00 

For any 7,7' G &(L), we set Jlx{lrf) ■= W u (-y : X) n W s {i,X). Since Jt x (l,i) 
consists of flow lines of X, ^Cx(j, 7') admits a natural K action. We denote the quotient 
by J(x{l,i). 

For any 7,7' G &(L), W /u (7 : X) and W s {pf' : X) are transversal, since X satisfies 
the Morse-Smale condition. Therefore, ^x{l, l') is a smooth manifold with dimension 
indMorse (7) - indMorsc (7') - 1- When ind M orse (7) - ind Mo rsc (7') = 1, ^x(l,l') consists 
of finitely many points. 

For any — oo < a < b < oo, CMjf' 6 ^ (L) denotes the free Z 2 -module generated over 
{7 G 8P(L) I a < S? L {i) < b}. We define a differential d LyX on CM [ *' b \L) by 

d L ,x{h}):= Yl ^x(l,l') ■[!'}■ 

indMorse (7' )= ind Morsc (7)-! 

Then (CM [ ^ b) (L), d L>x ) is a chain complex, and its homology group HM[ a,6) (L, X) is 
isomorphic to H^{{S^l < b}, {S^l < a})- F° r details, see pQ. 

Next we discuss functoriality. Consider L°, L 1 G C 00 ^ 1 x TR n ) which satisfy (LO), 
(LI), (L2) and L°(t,q,v) > L\t,q,v) for any (t,q,v) G S 1 x TIR n . Take vector fields 
X^X 1 on A(R n ) such that (L°,X°) and (Z^X 1 ) satisfy the conditions in Lemma EH 

We assume that &(L°) D ^(L 1 ) = (it can be achieved by slight perturbations of L°). 
Then, by C^-small perturbations of X°, one can assume the following: 

For any 7 G ^(L°) and 7 1 G ^(L 1 ), W u {^° : X°) is transversal to 
W s (^ : X 1 ). 

If this assumption is satisfied, ^# x o,xi(7°, 7 1 ) := ^"(7° : X°) n W'fr 1 : X 1 ) is a smooth 
manifold with dimension indMorse (7°) — indMorse (7 1 )- 

We define a chain map $ : CM [ *' b) {L°, X°) -> CM^L 1 , X 1 ) by 
$([7]):= E tt^xo,x 1 (7,7 , )-[7']. 

indMorse (7') = ind Morsc (7) 
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$ induces a homomorphism on homology, which coincides with a homomorphism induced 
by the inclusion ({^ L o < a}, {y L o < b}) ->■ ({S" L i < a}, {y L i < &}). 



4. Proof of Theorem 11.11 



Goal of this section is to prove Theorem ll.il i.e. to compute SHj^' \D*V) for a bounded 
domain V C W 1 with smooth boundary. In Section 4.1, we reduce Theorem 11.11 to 
Theorem 14.21 and Lemma 14.31 Theorem 14.21 is the main step, and it is proved in Section 
4.2 and 4.3, assuming some C - estimates of Floer trajectories: Lemma I4.8[ I4.9[ 14.101 
These C°- estimates are proved in Section 5. Lemma 14.31 is a technical lemma on loop 
space homology, and it is proved in Section 4.4. 



4.1. Outline. Let us take (a m ) m , an increasing sequence of positive numbers such that 
a m ^ 7rZ for any m, and lim a m = oo. We take a sequence {k m ) m of C°°(IR>o) such that: 

(kl): For every m, d t k m {t) > and d^k m (t) > for any t > 0. 
(k2): For every m, dtk m = a m on {t | k m (t) > 0}. 



(k3): (k m ) m is strictly increasing. Moreover, sup k m (t} 



(0 < t < 1) 
oo (t > 1) 



Let us define K m e C°°(M n ) by K m (p) := k m (\p\ 2 ). Then, (kl) implies that K m is strictly 
convex. Moreover, (k2) implies that 

R n ^R n ;p^v(p) :=d p K m 

is a diffeomorphism. We denote its inverse as p(v), i.e. d p K m {p{v)) = v. Let be the 
Legendre transform of K m , i.e. K^(v) := p{v ) ■ v — K m {p{v)). Then, it is easy to show 
that (K^) m is strictly decreasing, and inf K^(v) = \v\ for any v G M™. 

m 

We take a sequence (Q m )m of smooth functions on R n , such that 

(Ql): There exists a sequence of constants (c m ) m such that Q m (q) — (a m |g| 2 + c m ) is 
compactly supported. 

'o {qeV) 



(Q2): (Q m ) m is strictly increasing. Moreover, supQ m (g) 



oo (q$vy 



Let H' m (q,p) := Q m (q) + K m {p). Then, for every m, H' m satisfies (HI). Moreover, 
(H' m ) m is strictly increasing, and 



sn P H'(q P ) = l° i^P^ D * V ) 



Let L' m be the Legendre transform of H' m . It is easy to see that L' m (q, v) = K^(v ) — Q m (q). 
Then, for every m, ll satisfies (LI) and (L2). (L' m ) m is strictly decreasing, and there 

-oo (qtV)' 



holds inf L' m (q, v) 
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Since (H' m ) m is strictly increasing, by sufficiently small perturbations of (H' m ) m , one 
can obtain a sequence (H m ) m on C°°(S' 1 x T*IR n ) with the following properties: 

• For every m, H m is admissible. 

f o i(q,p) e ~D*V) 

• (i? m ) m is strictly increasing, and sup H m (t, q,p) = < t^T7\ ■ 

m |^00 (,(?,j?J £ KJ 

• For every m, its Legendre transform L m is well-defined, and it satisfies (LO), (LI), 

fid (qtV) 
(L2). (L m ) m is strictly decreasing, and inf L m (t, q, v) = < 

m I — oo (q f. V) 

Remark 4.1. For notational reasons, we use superscripts for H m and L m . 

By first and second properties, SR [ ?' b) (D*V) = lira RF [ °' b) (H m ) . Now we state the 
following key result, which is proved in Section 4.2 and 4.3: 

Theorem 4.2. For any — oo < a < 6 < oo and m ; t/iere exists a natural isomorphism 
HM^ a ' 6 ' (L OT ) = HF^' b '(H m ). The following diagram is commutative for every m: 

RM [ °' b \L m ) »- HM[ a - b) (L m+1 ) 

KF^' b \H m ) RF [ ?> b \H m+1 ). 

Then we obtain 

lim RF [ :' b) (H m ) = hm HM^L" 1 ) = H*(\J{y L m < b},\J{y L m < a}\ 

n ' 

Since (L m ) m is strictly decreasing and inf L m (t, q 7 v ) = { ^ ^ , for any c G R 

-oo (g £ V) 

inf y L ™(j) < c 7(5' 1 ) C V or (length of 7) < c. 

m 

Therefore, for any a < and 6 > 0, 

SHlf' 6) (£)*F) = i^(A <6 (R™) U (A(R n ) \ A(F)),A(R n ) \ A(V)) 
= H* (A <b (R"), A <6 (R") \ A(V)) 
^H*(A <b (V),A <b (V)\A(V)), 

where the second isomorphism follows from the excision, and the third isomorphism follows 
from the next Lemma [4. 3\ which is proved in Section 4.4. 

Lemma 4.3. Let V be a bounded domain in R™ with smooth boundary. For any < b < 
00, there exists a natural isomorphism 

H*(A <b (R n ), A <b (R") \ A(V)) = H*(A <b (V),A <b (V) \ A(V)). 
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Finally, we have to check that for any o_ < b + , the following diagram commutes: 
SH^\D*V) -^+H*(A <b ~{V),A <b ~{V)\A{V)) 

" 

SE^ b+ \D*V) — #*(A <b+ (V), A <b+ (V) \ A(V)). 
This is clear from the construction, hence omitted. 

4.2. Construction of a chain level isomorphism. In this and next subsections, we 
prove Theorem 14.21 In this subsection, we define an isomorphism 

EM^' b \L m ) ->■ RF [ ?> b \H m ). 

Following |2j, we define this isomorphism by considering so called hybrid moduli spaces. 
Suppose we are given the following data: 

• J m = (J f m ) te5 i, which is sufficiently close to the standard one, and CF [ ?' b) (H m , J m ) 
is well-defined. 

• Smooth vector field X m on A(R n ), such that CM^' b) (L m , X m ) is well-defined. 

• 7 G &>{L m ) and x G 0>(H m ). 

We consider the following equation for u G W l;i (S 1 x [0, oo),T*M n ): 

d s u-J™(d t u-X Hr (u))=0, 
tt(«(0)) G W u {j : X m ), 
lim = x. 

s— >oo 

In the second equation, 7r denotes the natural projection T*R n — )■ M n ; (q,p) h-> g. The 
moduli space of solutions of this equation is denoted as ^x m ,H m ,J m (l,x). 

Remark 4.4. In the definition of ^x m ,H m .J m , we have used a Sobolev space W ' 3 (S x 
[0,oo),T*R n ). One can replace it with W^iS 1 x [0,oo),T*R n ) for any 2 < r < 4. The 
condition 2 < r < 4 is necessary to carry out Fredholm theory and prove C°-estmates of 
Floer trajectories. 

To define a homomorphism by counting ^x m ,H m ,j m (l,%), we need several results: 

Lemma 4.5. For generic J m , ^x m ,H m ,J m (l,x) is a smooth manifold of dimension indMorse 
indczO) for any 7 G ^{L m ) and x G ^{E m ). 

Proof. See Section 3.1 in [2]. □ 
Lemma 4.6. For any 7 G ^(L m ), x G £P(H m ) and u G ^x m ,H m ,J m (l, x), there holds 
y L ™{l) > y Lm (7r(u{0))) > £? H m(u(0)) > ^ H m(x). 

Proof. See pp.299 in [2]. □ 

Corollary 4.7. When y L ™(j) < £#h™{x), ^x (7,2;) = 0. When ^(7) = 

s^H m {x), ^x m ,H m ,J m (l,x) 7^ if and only if 7 = 7r(x). In i/izs case, ^x m ,H m ,J m (l,x) 
consists of a single element u such that u(s,t) := x(t). 
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Now we state our third C° -estimate. It is proved in Section 5. 

Lemma 4.8. There exists e > such that, if J m satisfies sup||J t m ~~ ^std||c° < £ , 

t 

j£ X m h™ x) is C° -bounded for any 7 G ^(L m ) and x G ^(H m ). 



Suppose that J m satisfies the condition in Lemma 14.5} and it is sufficiently close to 
J std . By Lemma SSI for any 7 G 0>(L m ) and x G £P(H m ) such that ind M orse (7) - 
indcz(^) = 0, ^x m ,H m ,j m {l,x) is a compact 0-dimensional manifold. Then, we can 
define a homomorphism 

m m : CM^ b \L m : X m ) -> CF^ b \H m : J m ); [7] ^ ^ M^,h™,./"> (7, 

indcz(x)=md M orsc (7) 

Corollary 14.71 shows that \l/ m is isomorphic (for details, see Section 3.5 in [2j). Gluing 
arguments show that \l/ m is a chain map (for details, see Section 3.5 in |2j). Hence \l/ m 
induces an isomorphism on homology. 

4.3. Chain level commutativity up to homotopy. In the last subsection, we con- 
struct a chain level isomorphism 

for every m. In this subsection, we show that 

CM [ ^ b) {L m , X m ) — CF [ ^ b \H m , J m ) 

CM [ ^ b) (L m+ \ X m+1 ) CF [ ?' b) (H m+1 , J m+1 ) 

commutes up to homotopy, where $ H and $ L are chain maps constructed in Section 2.3 
and Section 3.3, respectively. 

To prove this, we introduce a chain map 

: CM [ ^ b \L m ,X m ) -> CF [ ^ b \H m+1 , J m+1 ); 

[7] ^ ^ t^x^,H^+\jm+i(j,x) ■ [x). 

indMorse (7)=ind C z(2-') 

It is enough to show & H o \l> m ~ ~ \^ m+l o $ L . (~ means a chain homotopic.) 

First we show that ^ m+1 o $ L ~ 0. For any 7 G ^>{L m ) and x G ^(# m+1 ), ^°(7,x) 
denotes the set of (a, it, u), where 

a G [0, 00), m : [0, a] — >■ A(IR n ), v G iy 1,3 ([0,oo) x 5 1 ,T*lR n ) 

which satisfy the following conditions: 

u(0) G W u (7 : X m ), u(s) = ^f m+1 ( M (0)) (0 < s < «), 

9 s w- Jr +1 (^-X Hm+ i(v)) = 0, tt(u(0)) =u(a), \imv(s)=x. 

t a— ^00 



We state our fourth C°-estimate. It is proved in Section 5. 
Lemma 4.9. There exists e > which satisfies the following property: 
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Iff 



satisfies sup || J\ 



m+1 



-Wile < e > \\ v \\c° "is uniformly bounded for 



any (a, u, v) G <yr°(~f,x), where 7 G ^>(L m ) and x G &>(H m+1 ). 

Suppose that J m is generic and sufficiently close to J st( j. Then, due to Lemma fl~9l and 
gluing arguments, the following holds: 

• When indMorse indcz^) = —1, ^ /0 (7, x) is a compact O-dimensional manifold. 
Every (a,u,v) G jV®{^,x) satisfies a > 0. 

• When indMorse (7) — indczt^) — 0, ^/( /0 (7,x) is a 1-dimensional manifold with 
boundry. Its boundary is {a = 0}, and its end is compactified by the following 



moduli spaces (we set k := indMorse (7) = i n dcz(^)) : 

*dxAl,l') X JT*{1,X) (V e ^(L" 1 ), indMorse (7') = * - 1), 

^# X m iXm +i(7,7') x ^ Xm +i tH m+i tJ m+i(y,x) (7' G ^ (L m+1 ) , ind Mo rse (7') = k), 
^°(7,x') x ^ m+ i jJm+ i(x , ,a;) {x' G ^(# m+1 ), indcz^') = A; + 1). 

Let us define K° : CMf a (L m ,X m ) -> CF^ (iT"* 1 , J m+1 ) by 

Jf°[ 7 ]:= £ ^°(7,^)-W- 



Then, the above results show that d H m+i >Jm +i o K° + K° o d L m >X m = M> m+1 $ L - O. 

Next we show that $ H o ^ m ~ 0. Let G x S 1 x T*R n ) be a homotopy from 

H m tQ ^m+i^ and j = (j s 4 ) (s t)gMx5l be a homotopy from J m to J m+1 . By (HH1) and 
(JJ1), there exists s > such that 



For any 7 G ^(L m ) and x G ^(H m+1 ), jV x {^,x) denotes the set of ((3,w), where 
G (-00, s ], we W^dP, 00) x S\ T*R") 
which satisfy the following properties: 

7r(w(/3)) G W«( 7 : X m ), 9 sW - J s , t {d t w - X Hs t (w)) = 0, 
lim w(s) = x. 



Now we state our fifth C - estimate. It is proved in Section 5. 
Lemma 4.10. There exists e > which satisfies the following property: 

If J satisfies sup \\J s ,t ~ ^std||c f > < £, \\ w \\c° uniformly bounded for any 



{15, w) G <A{j,x), where 7 G ^{L m ), x G &>(H m+1 ). 

Suppose that J is generic and sufficiently close to J st d- Then, by Lemma 14.101 and 
gluing arguments, the following holds: 



indcz(a:)=indMorsc (7)+! 




< -s ) 



s,t 
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• When indMorse indcz^) = — 1, ^ (7, x) is a compact O-dimensional manifold. 
Every (f3,w) G jV x {^,x) satisfies (3 < So- 

• When indMorse (7) — indczt^) = 0, jV x {^(,x) is a 1-dimensional manifold with 
boundary. Its boundary is {(3 = s }, and its ends are compactified by the following 
moduli spaces (we set k :— indMorse (7) = indcz(^)) : 

JtxAlii) >< -#\j,x) (V e &(L m ), indMorse (V) = & - 1), 

^x m ,H m ,J m {l,x') x Jt H J {;x',x) (x' G ^ , (if m ),ind C z(^ / ) = &)> 
^K 1 (7,x / ) x ^ m+ i jJm+ i(x',x) (x' G ^(i/ m+1 ),indcz(a; / ) = Jfe + l). 

Let us define K l : CM^L" 1 , X m ) ->■ CF^i/™* 1 , J m+1 ) by 

ind cz (z)=ind M o rS c (7)+! 

Then, the above results show that <9#m+i jm+i o f^ 1 + K 1 o d^.x™ = @ — ^ ° 

4.4. Proof of Lemma 14.31 Finally, we prove Lemma 14.31 Through this section, V 
denotes a bounded domain in R n with smooth boundary. First we need the following 
lemma: 

Lemma 4.11. For any open neighborhood WofV and b > 0, a natural homomorphism 

H*(A <b (W),A <b (W) \ A(V)) -> H*(A <b (W), A <b (W) \ A(V)) 
is isomorphic. 

Proof. It is equivalent to show that H*(A <b (W) \ A(V), A <b (W) \ A(V)) = 0. 
Let us take a /c-dimensional sine ular chain a = ^qo, G C k (A <b {W) \ A{V)) 

i 

on : A k ->■ A <b (W r ) \ A(V) are continuous maps) such that da G C k ^(A <b (W) \ A(V)). 
Since A k is compact, there exists b' < b such that aj(A fc ) C A <b (W) for all i. 

Let us take a compactly supported smooth vector field Z on VF, which points outwards 
on dV. Let (<p t ) t ew be an isotopy on W generated by Z, i.e. (p^ = idw, d t (ff = Z((pf). 
Take 5 > and set a* : A fc A(W) by a£(p) := ip% o a(p) (Vp G A fc ). When 5 > is 
sufficiently small, a\{A k ) C A <fe (W) for any i and < t < 1. 

It is easy to see that a\ satisfies the following properties for any i and < t < 1: 

• = Oli. 

• a l := Y^CiOil satisfies a 1 G C fe (A <b (iy) \ A{V)) and 9a* G C k ^{A <b {W) \ A(V)) 

i 

for any < t < 1. 

• a 1 6C t (A < ^)\A(K)). 

Then we obtain [a] = [a ] = [a 1 ] = in # fe (A <6 (iy) \ A(V), A <b (W) \ A(V)). □ 
Corollary 4.12. For any open neighborhood WofV,a natural homomorphism 
H*{A <b {W),A <b {W) \ A(V)) H*{A <b {W l ), A <b {W l ) \ A(V)) 
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is isomorphic. 



Proof. Consider the following commutative diagram: 

H,(A <b {W), A <b {W) \ A(V)) H,(A <b {R n ), A <b {R n ) \ A(V)) 



H if (A <b (W),A <b (W) \ A(V)) - H*(A <b (R n ), A <b (R n ) \ A(V)) 

Then, vertical arrows are isomorphic by Lemma 14.111 and the top arrow is isomorphic by 
excision. Therefore the bottom arrow is isomorphic. □ 

Applying Lemma fl~TTl for W = R n , 

H*(A <b (R n ), A <b (R n ) \ A(V)) H*(A <b (R n ),A <b (R n ) \ A(V)) 



is isomorphic. Hence, to prove Lemma 14.31 it is enough to show that the natural homo- 
morphism 

H,(A <b (V), A <b (V) \ A{V)) -> H*(A <b (R n ), A <b (R n ) \ A{V)) 

is isomorphic. To show this, we need the following trick: take a sequence (g l )i of Rie- 
mannian metrics on R n , with the following properties: 



(g-1) 
(g-2) 

(g-3) 



For any tangent vector £ on M", \£\ g i is decreasing on Z: > \£\ g 2 > ■ ■ ■ . 
For any tangent vector £ on R n , lim |£Li = |£|, where | • | is the standard metric. 

Z— >oo 

For any I > 1, there exists an embedding 77 : dV x {—e h ei) — > R n with the 
following properties: 

• Ti(x, 0) = x for any x G dV. 

• r l -\V) = dVx(-e l ,0). 

• rfg 1 is a product metric of g l \av and the standard metric on (—Ei,Ei). 
We set Wi := V U Imr,. 

For each / we define 



Af b (R n ) := <j 7 e A(R n 



j(t)\ gl dt<b}, A< b (V) := A< b (R n ) n A(V) 



'S 1 

By (g-1), (Af(R n ))i, {Af b {V))i are increasing sequences of open sets in A <b (M n ), A <b (V). 

By (g-2), |jA< b (R") = A <6 (M n ), (J Af b {V) = A <b {V). Thus there holds 
1 1 

H*(A< b (V),A< b (V)\A(V)) = hm^(A< 6 (F),A< b (F)\A(y)), 
H*{A <b (W n ),A <b (R n )\A(V)) = lim H*(Af b (R n ), Af b (R n ) \ A(V)). 

I— >oo 

Therefore Lemma 14.31 is reduced to the following lemma: 
Lemma 4.13. For any I > 1, the natural homomorphism 

H*(A< b (V),A< b (V)\A(V)) -> #*(A< 6 (K"),A< 6 (JT) \ A(V)) 

is isomorphic. 
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Proof. Let us take Wi D V as in (g-3). Since Corollary 14. 121 is valid also for g\ 

F,(A< 6 (^),Aj <6 W) \ A{V)) -+ H*(A< b (R n ),A< b (R n )\A(V)) 
is isomorphic. Hence it is enough to show that 

/ : H*(A<\V),A< b (V) \A(V)) H.iAfOVihAfm \A(V)) 
is isomorphic. We check surjectivity and injectivity. 

We prove surjectivity of I. Take a = ^ qa^ G C fc (Af fe (W z )) such that <9a G Cfc_i(Af 6 (Wi)\ 

i 

A(V)). Since A k is compact, there exists b' < b such that 

length of Qtj(p) with respect to # < 6' (Vi, Vp g A fc ). 
Let us take p G C°°((— e{)) with the following properties: 

• p(s) = on [0,si). 

• < p'(s) < 6/6', -e, < p{s) < on (-e,, 0). 

• p(s) = s near — ej. 

Then we define a smooth map ip : Wi x [0, 1] — )■ Wj; (x, t) ipt(x) such that: 

• If x ^ Imr/, <pt(x) = x. 

• If x = rj(y, s), <p t (x) = ri(y, (1 - t)s + tp(s)). 
It is easy to check the following properties of ip: 

• (p = id Wl , (p>i{Wi) = V. 

• For any < t < 1, \V)cW l \V, <p t (V) = V. 

• For any tangent vector £ on Wi and < t < 1, |d<p t (£)| g i < (b/b')\£\ g i. 

We define a- : A k -)■ A(WJ) by a*(p) := <p t o a;(p) (Vp G A fc ). By the last property of cp, 
a*(A fc ) C A <b (Wi). Moreover, ot := ^ Cj«,- satisfies the following properties: 

i 

• a° = a. 

• a 1 G C fc (A <fe (H/ z )), 9a* G C^A^Wi) \ A(V)) for any t G [0, 1]. 
. a 1 G C fe (A< fc (V)), 9a 1 G C fc (A< 6 (V) \ A(V)). 

Thus we obtain [a] = [a ] = [a 1 ] G Iml. Hence we have proved surjectivity of /. 

We prove injectivity of I. Let a = V] G C fe (Af 6 (V)) such that da G Cfc_i(Af 6 (K)\ 

i 

A(V)). We show that if I ([a]) = then [a] = 0. By I([a]) = 0, there exists = ^djfy G 

3 

C k+l {Af\Wi)) such that OP - a G C fc (A< 6 (W/) \ A(V)). Since A fe , A fc+1 are compact, 
there exists b' < b such that 

length of ai(p), f3j(q) with respect to g l < b' (Vi, Vj, Vp G A fe , Vg G A fc+1 ). 
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Taking if : Wi X [0, 1] — > Wi as before, we set 

a\ := ft o a h a 1 := c ^ Pj '■= ft ° $h ^ '■= 

i 3 

Then, it is easy to confirm the following claims: 

• For any < t < 1, a* G C k (A< b (V)), da 1 £ C k ^(A< b (V) \ A(V)). 
. (3 1 £ C k+1 (A<\V)). 

• df3 1 -a 1 eC k (A< b (V)\A(V)). 

Thus we obtain [a] = [a 1 ] = = in H k (Af b (V), Af\V) \A(V)). Hence we have 

proved inject ivity of /. □ 



5. C -ESTIMATES 

The goal of this section is to prove Lemmas on C°-estimates of Floer trajectories: 
Lemma Efl EH SSI WM Effl 

5.1. W /1,2 -estimate. The goal of this subsection is to prove the following W 1,2 - estimate. 
In the following statement, an expression " Cq(H, M)" means that Cq is a constant which 
depends on H and M. 

Proposition 5.1. For any H £ C°°(R x S 1 x T*R") satisfying (HH2), (HH3) and M > ; 
there exists a constant Cq(H,M) > which satisfies the following property: 

Let I C R be a closed interval of length < 3, and (J s ,t)(s,t)ei'x5 1 be a 
I x S l -family of almost complex structures on T*M n , such that every J Sjt 
is compatible with u n . Suppose that there holds 

for any s £ I , t £ S 1 and tangent vector £ on T*R n . Then, for any 
W^-map u: I x S 1 -»■ T*R n w/w'c/i satisfies 

d s u - J s . t {d t u - X Hst {u)) = 0, sup I^OO))) < M, 

sei 

there holds \\u\\w 1 ' 2 (ixs 1 ) < Co- 
Remark 5.2. H s £ C 00 ^ 1 x T*R") is defined as H,(t,q,p) := H(s,t,q,p). 

A crusial step is the following lemma. 

Lemma 5.3. Let if and / fre same as Proposition I5.il Then, there exists a constant 
ci(H) > sncn that: for any x £ C 00 ^ 1 , T*R n ) and s £ J ; iaere ao/ds 

IMI^ + \\dtx\\h < Cl M + ^ |d t x - X Hs:t (x(t))| 2 + d s H s>t (x(t)) dtj . 
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Proof. Let us take 02(H) so that 02 > sup ||9 a A S) t||cro. Then we show that there exists a 



s.t 



constant c 3 (H) > such that there holds 



(2) ||x 



1 2 
Il-> 



< c 3 (c 2 + J \d t x - X Hstt (x(t))\ 2 + d s H s>t (x(t)) dtj 



for any x G C°°(S 1 ,T*W l ) and s £ I. Suppose that this does not hold. Then, there exists 
a sequence (x k ) k and (s k )k such that 

U c 2 + j sl \d t x k - X Hsk Jx k (tW + d s H Sk ,(x k (t)) dt^°° 1 

Since c 2 + d s H s t (q,p) > for any (s,t,q,p), there also holds 

||fe -X# fx^lU 2 



H^fclU 2 



-)■ (k -> 00). 



Let us set mfc := U^Hl 2 , and v k := x k /m k . Then, obviously HffclU 2 = 1. We show 
that (v k ) k is W 1,2 -bounded, i.e. (d t v k ) k is L 2 -bounded. To show this, we set h k (t,q,p) : = 
H Sh ,t('mk c Li m kp) /mk 2 , and consider an inequality 

HfelU 2 < life - X h k(v k )\\ L 2 + 11X^(^)11^2. 

\\d t v k — X h k(v k )\\L2 is bounded on k, by 

/ 4\ ^ V , V|, Hfe-^ fc (^)HL 2 

4 \\d t v k - X h k(v k )\\ L 2 = k - >0 (k^oo). 

m k 

To bound ||X ft fe(t; fc )|| L 2, we use the following inequality: 

(5) \\X Qa(3k) (v k ) -X hh (v k )\\ L 2 < \\X Qa(sk) (v k ) -X hk (v k )\\ c o < SUPte51 l|Asfc - t||cl . 

fn k 

Then, it is easy to see that there exists 04(H) > such that 11X^(^)11^2 < c^(l + ||ffc||£ 2 ). 
Thus we have proved that (v k ) k is l / l^ 1 ' 2 -bounded. 

By taking a subsequence of (v k ) k , we may assume that there exists v G W 1 ' 2 (S 1 , T*R n ) 
such that lim \\v — v k \\c<> = 0, and dtv k converges to b\v weakly in L 2 . Moreover, we may 

k— >oo 

assume that (s k )k converges to s G I. 

We show that lim ||Xq ( S )(u) — X h k(v k )\\ L 2 = 0. We use an inequality 

fc^oo 

\\X Q a(s)(v) - X h k(v k )\\ L 2 < \\X Q a(s)(v) ~ X Qa (s) (v k )\\ L 2 + \\X Qa (s)(v k ) ~ X h k (v k ) \\ L 2 . 

Then, lim ||-Xna(«)(u) — Xna(s)(v k )\\ L 2 = since lim \\v — v k \\ L 2 = 0. On the other hand, 

k— >oo fc— ¥00 

([5]) shows that lim \\Xn a (s)(v k ) — X h k(v k )\\L2 = 0. 

k— >oo 

Now we show that d t v - X Q a (s) (v) = in L 2 (S\ T*R n ), i.e. 

(dtv-X Q aw(v),£)v = 
for any f G C°°(S\ T*R n ). This is proved as 

(d t v - X Qa (s)(v),£) L 2 = lim (d t v k - X h k(v k ),£) L 2 = 0. 

k— >oo 
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The first equality holds since in L 2 (S l , T*IR n ) 

d t Vk converges to d t v (weakly), X h k(v k ) converges to Xqa^iy) (in norm). 
The second equality follows from (j3J). 

Now we have shown that d t v — Xn a (s)(v) = in L 2 (S' 1 , T*M n ). Therefore, by boot 
strapping argument, we conclude that v G C°°(S' 1 , T*M n ). This implies that a(s) G ttZ, 
hence a'(s) > by (HH3). Hence we obtain 

m 2 , m? 



c 2 + f sl d s H Sktt {x k (t))dt ~ J sl Q a '^\x k (t))dt 

1 1 n ^ 



|2 

II 2 



f sl Q a 'M(v k (t))dt a'(s)\\v\ 

However, it contradicts with the assumption that (x k )k satisfies (J3J). Hence we have proved 
02]). Setting C5 := max{c2C3, C3}, there holds 

(6) ||rr||£ 2 <c 5 ^l + ^J9 t x-X^(x(t))| 2 + 9A, t (x(t))^ 

for any x G C°°(S 1 , T*M ra ) and s E I. Now, it is enough to show that there exists 
Cq(H) > such that 



(7) \\d t x\\l 2 <c 6 [ I 

By using 



^ - X^, t (x(t))| 2 + d s H Sjt (x{t)) dtj . 



\\d t x\\ L 2 < \\d t x-X Hs {x)\\ L2 + \\X Hs (x)\\ L 2 

< \\d t x - X Hs (x)\\ L 2 + 2o(s)||z||jy> + sup ||A S) t|| c i, 

s,t 

(J7J) follows easily from □ 



Now we can prove Proposition 15.11 

Proof of Proposition [5711 Suppose that u G W h3 (I x 5 1 ,T*M n ) satisfies 

<9 s w - J a , t (^u - Xff st (u)) = 0, sup |^h s (m(s))| < M. 

sei 

By elliptic regularity, u is C°° on intJ x S 1 . By the assumption on J Sit , it is easy to see 
that 

\J s ,td s u\ 2 < 4|<9 s u| 2 , \d s u\ 2 < 2u n (d s u, J s , t d s u). 



By Lemma [5.31 the following inequality holds for any s G int/: 

\Hs)\\ 2 L2 + \\d t u(s)\\ 2 L2 < Cl M + ^ 4|9 sM ( S ,t)| 2 + d s H s , t (u( s ,t)) dtj . 
RHS is bounded as 

4\d s u(s, t) | 2 + d s H Stt (u(s,t)) dt < \ 8w n (d s u, J Stt d s u) + d 8 H 8tt (u(s,t))dt 

Js 1 

< -Sd s (^ Ha (u(s))). 
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By similar arguments, it is easy to show that 

/ \d s u{s,t)\ 2 dt < -2d s {^ Hs {u{s))). 

Therefore 

\Hs)\\h + \\9tu{s)\\ 2 L2 ds< Cl J I- 8d s (£/ Hs (u(s))) ds < ci(3 + 16M), 

J \\d a u(s)\\h ds < J -2d s (^ Hs (u(s))) ds < AM. 
Thus we get 

\u{s,t)\ 2 + \d t u(s,t)\ 2 + \d s u{s,t)\ 2 dsdt < 3ci + (16c x + 4)M. 

IxS 1 



This concludes the proof of Proposition 15.11 □ 

5.2. Proof of Lemma 12. 3|, 12.41 First notice that Lemma I2~3l is a special case of Lemma 
12.41 Hence it is enough to prove Lemma 12.41 First we need the following lemma: 

Lemma 5.4. Suppose that H G C°°(R x S 1 x T*R n ) is a homotopy from H to H . 
Then, there exists M > which depends only on H such that \&/h 3 (u(s))\ < M for any 
set andu G Jtf H ,j(x-,x+), where x_ G &(H~), x + G 

Proof. Since £P(H~) and ^(H + ) are finite sets, there exists M > such that 

^H-{x),£? H +{y) e [-M,M] (Vx G Vy G 

Since £/h s (-u(s)) is decreasing on s, jz^ s (u(s)) G [— M, M] for any it G J^h,j{x_ 1 x + ). □ 

Now we prove Lemma 12.41 In the course of the proof, constants which we do not need 
to specify are denoted as " const" . 



Proof of Lemma 2-4 To estimate ||m||c°5 it is enough to bound || ^| xs 1 He f° r 
each integer j. Take a cut-off function x so that 

supple (-1,2), xl[o,i] = l, 0<x<l, -2<x'<2. 

Setting Vj(s,t) := x( s ~ j) u ( s it)i it is enough to bound ||i>j||c° (i n the following, we omit 
the subsprict j). First notice that 

||i>||c° < const||w||vyi.3 < const || Vu||x,3, 

where first inequality is Sobolev estimate, and the second one is Poincare inequality. By 
the Calderon-Zygmnd inequality, there exists c > such that 

||Vu||i,3 < c(\\(d s - J s tdd t )v\\ L 3 + \\v\\ L s). 



We claim that e := l/2c satisfies the requirement in Lemma [2~4l Suppose that sup || J s td — 

s,t 

Js,t\\c° < l/2c. Then 

c\\(d s - J st dd t )v\\ L 3 < c(||Jstd - J s ,t||c°||<9HU 3 + \\{9 S - J s ,tdt)v\\ L 3) 
< \\Vv\\ L s/2 + c\\(d s - J Sjt d t )v\\ L 3. 
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Hence we obtain 

||Vf < 2c(|H| L 3 + \\(d s - J s ,td t )v\\ L s). 

Since v(s,t) = x( s ~~ j) u ( s ,t)i it is clear that ||i>||l 3 < ||w||L3(y_ lj+2 ]x5 1 )- On the other 
hand, since 

(8 S - J a>t dt)v(s,t) = X'(S - j)u(s,t) + X(S ~ j)Js,t( U ) X H s ,t( U )i 

and H satisfies (HH3), it is easy to see 

- J s ,tdt)v\\ L 3 < const (1 + ||M||L3 (b -_ 1J+2 ] x5 i ) ). 

Then we conclude that 

||Vw|| L 3 < COnst (1 + \\u\\ L : i{[j _ hj+ 2] xS i)) < COIlSt (1 + \\u\\wW(\j-lj+2]x&))- 

Then, Lemma 15.41 and Proposition 15.11 shows that RHS is bounded. □ 

5.3. Proof of Lemma 14.81 14. 9L 14.101 These lemmas are consequences of the following 
proposition: 

Proposition 5.5. There exists a constant e > which satisfies the following property: 

Suppose we are given the following data: 

• He C°°(R x S 1 x T*R n ) which satisfies (HH2), (HH3). 

• J = (Js^istfmxs 1 which satisfies (JJ2) and sup || J Sjt - J st d||co < e. 

(s,t) 

• Constants M ,Mi > 0. 

Then, there exists a constant c(H, Mq, Mi) > such that, for any a G R 
and u G W 1 ' 3 ^, oo) x S 1 , T*R n ) satisfying 



d s u - J s ,t{d t u - H Sjt (u)) = 0, sup \srf Hs {u{s))\ < M , h{u{a))\\ W 2/ 3,^31^ < M 



1; 



there holds \\u\\ c o < c(H, M , M±) . 

In this subsection, we deduce Lemma I4.8[ 14.91 14.101 from Proposition 15.51 First notice 
that Lemma 14.81 is a special case of Lemma 14.101 Hence it is enough to prove Lemma 14.91 
and Lemma [4. 101 



Proof of Lemma Since £?(L m ) and ^(H m+1 ) are finite sets, there exists M > 
such that 

^V(7), J*Wi(z) G [-M, M] 
for any 7 G ^(L m ), 2 G ^(ff m+1 ). For any (a,u,v) G ^K°(7,x), there holds 

^-(7) > y L ™(u(o)) > y L m+x( u (o)) > y Lm +i{u{a)) > £/ Hm+ i( v {o)) > ^ Hm +x{x). 

In particular, S^]jn+i{u(a)) is bounded from below. Now we use the followng lemma: 



Lemma 5.6. For any 7 G ^{L m ) and d G R, <ff ^ (W u (>y : X m )) n {^ L m+i > d} 



is 



precompact in A(R n ) 
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Proof. This lemma is an immediate consequence of Proposition 2.2, Corollary 2.3 in pp. 
Let (7fc,tfc)fc>i be a sequence, where jk £ W u {pf : X m ) and tk > 0, such that: setting 

l'k ■= ^J' l+1 (7fe), y L ™ + i{ik) > d - Since ^-(7fc) > ^Aik) > Corollary 2.3 in p 
shows that {^k)k has a convergent subsequence. Then, Proposition 2.2. (2) in [T] gets the 
conclusion. □ 

Since y L m+i(u(a)) is bounded from below for any (a, u, v) E o/K (7,x), Lemma l5\6l 
shows that ||ii(a)||wi,2 is bounded for any (a, u, v). Therefore, 

IkfMO))!!^ 2 / 3 . 3 < const||7r(f (0))||^i,2 = 1 1 w (a) 1 1^/1,2 

is bounded from above (the first inequality is Sobolev estimate). On the other hand 
sup li^fl-m+i {v (s)) I < M. Hence Proposition 15.51 shows that \\v \\c° is bounded. □ 

s>0 



Proof of Lemma ^..10. Suppose that ((3,w) E ,jV x {^^x). Then, there holds 



Then, sup \&?h s ( w ( s )) \ is bounded. Moreover, since =5^™ (ir(w(/3))) is bounded from below, 

s>/3 

\\tc(w (f3))\\ w i,2 is bounded. Hence ||u>||c° is bounded. □ 

5.4. Proof of Proposition I5T51 Finally we prove Proposition 15.51 

It is enough to bound sup |«(s,t)| for each integer j > 0. The proof for 

(s-^eyj+ijxSi 

j > 1 is same as Lemma 12.41 Hence we only consider the case j = 0. We denote the 
g-component and p- component of u as u q , u p . i.e. u(s,t) = (u q (s,t),u p (s,t)) . 

By the theory of Sobolev traces, there exists u q (s, t) E VT 1,3 ([(x, oo) x S 1 : M") such that 

||Wg||w 1 > 3 ([o-,oc)xS 1 :R n ) — Const ||w 9 (cr) || ^2/3,3(51.^) . 

Take cut-off function \ £ C°°([0, oo)) such that 

suppxc[0,2), xl[o,i] = l, 0< X <1, -2<x'<0. 
We set w(s, t) := x(s — a)(u q (s, t) — u q (s, t), u p (s, £)). Since 

I|w||c°([<t, ct +i]xS' 1 ) < IMIc + IKgllcoc^a+iixs 1 ) < IMIc + const||w 9 || w i,3, 

it is enough to bound ||iu||cro. It is easy to see that 

1 1 1 1 c-o < const || w || w i,3 < const 1 1 Vtt; 1 1 1,3 

by the Sobolev estimate and the Poincare inequality. Since w q (a, t) = (0, . . . , 0), we can 
use Calderon-Zygmnd inequality to obtain 

||Vw|| L 3 < c(\\(d s - J st dd t )w\\ L 3 + ||w||l3). 
We claim that e := l/2c satisfies the requirement in Proposition 15.51 
If sup \\J s ,t — ^std||c° < l/2c, there holds 

s,t 

||Vw|| L 3 < 2c(||w|| L 3 + \\(d s - J s , t d t )w\\ L 3). 
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We divide (d s — J s jd t )w into two parts: 

(d a - J s ,td t )w = x'{s ~ °")(^<? - u q ,Up) + x(s - a)(d s - J S)t d t ){u q - u q ,u p ). 
We bound first and second terms in RHS: 

||first term|| L 3 < const(||u|| L 3 ([CTjCT+2])<s i) + ||u g ||#0, 
||second term|| L 3 < const (|| Js,t{u)X Ha ^u)\\ L z{[a,a+2}xS^ + IMIwm) 
< const (1 + ||m||l3 ([(Ti(7+ 2]x5 1 ) + IKIIiyM). 
Hence ||Vw||i3 is bounded as 

||Vw|| L 3 < const(l + ||w||i3([ (T)(J+ 2]xS 1 ) + IKIIw*. 3 ) 

< const(l + ||w|| w i.2([<7 l( T+2]x5i) + lk</( cr )lliy 2 /3.3(5i))- 
Since sup |^h s (m(s))| is bounded by assumption, Proposition ^. ll shows that ||w||iy 1 ' 2 ([<7,o-+2]xS' 1 ) 

S>(7 

is bounded. On the other hand, ||wg(0")||w 2 /3.3(si) is bounded by assumption. Hence RHS 
is bounded. □ 

6. Floer-Hofer capacity and periodic billiard trajectory 
The goal of this section is to prove Proposition 11.21 and Corollary 11.41 

6.1. Symplectic homology of RCT-domains. In this subsection, we collect some re- 
sults on symplectic homology of RCT (restricted contact type) domains, which are essen- 
tially established in [8]. 

Definition 6.1. Let U be a bounded domain in T*R n with a smooth boundary. U is 
called RCT (restricted contact type), when there exists a vector field Z on T*R n such 
that LzOJ n = w„ and Z points strictly outwards on dU. 

Let U be a RCT-domain in T*R n . Then, 3%qu := ker(cu|,9[/) is a 1-dimensional foliation 
on dU, which is called characteristic foliation. Mqu has a canonical orientation: for any 
p G dU, £ G &du{p) is positive if and only if u} n (Z(p),£) > 0. SPqu denotes the set of 
m-fold coverings of closed leaves of &gu, where m > 1. 

For each 7 G &du, ^(7) '■= / iz^n is called the action of 7. By our definition of 
orientation of &du, ^{l) > f° r ari Y 7 G 2?du- 

One can also define Conley-Zehnder index indcz(7) for any 7 G &du, even when 7 is 
degenerate. For details, see Section 3.2 in [9]. For each integer k, we set 

V k (dU) := K( 7 ) I 7 e 0> dv , md cz (7) < k}, V(dU) := (J E ft (ffl7). 
Ti(dU) C R is called an action spectrum. 

Lemma 6.2. For any RCT-domain U in T*R n , the following statements hold: 
(1) For any0<a< min£ n+1 (d[/) ; SHjr 1 ' ^) = Z 2 . 
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(2) Let V be another RCT-domain in T*IR n such that V C U . Then, for any a 
satisfying 

< a < minS n+ i(9C/),minE n+ i(9V r ), 

a natural homomorphism SU.\^ 1 ' a \U) — > SH^~ 1,0 ^(V") is isomorphic. 

(3) For any < e < min T, n+ i(dU), 

c FR {U) = inf{a | SHj^'^C/) ->■ SH^ ([/) vanishes}. 

(4) c FH (C/) G £„+i(<9£/). 

Proof. In Proposition 4.7 in j8], the following statement is proved: 

Let £7 be a RCT-domain, and < a < minE{dU). Then, SH^ 1 '^ (U) S 
H n+ *(U,dU). 

(1) in our Lemmma 16.21 can be proved in the same way as the proof of this statement 
in [5], although our assumption a < min £ n+1 (<9£7) is weaker. (2) also follows directly 
from the proof of Proposition 4.7 in [S]. For details, see [S] pp.360 - 361. (3) is same as 
Proposition 5.7 in [8]. (4) is proved in the exactly same way as Theorem 8 in [9]. □ 

6.2. Periodic billiard trajectory. The goal of this subsection is to prove Proposition 
11.21 Thorough this subsection, V denotes a bounded domain in M. n with smooth boundary. 
First we clarify the definition of periodic billiard trajectory. 

Definition 6.3. A continuous map x : M/TZ — > V is called a periodic billiard trajecotory 
if there exists a finite set SS C M/TZ such that the following holds: 

• On (R/TZ) \ SB, there holds 7 = and (7! = 1. 

• For any t G S3, 7±(£) := lim A f(t + h) satisfies the law of reflection: 

/i->±0 

7+(t) + 7-(f) e r 7(t) 9V; T+ (t) - <r_(t) G (T 7(t) ^) ± \ {0}. 
Elements of SS are called as bounce times, and T is called as length of x. 

First we construct a sequence of RCT-domains which approximates D*V. Fix a positive 
smooth function h : V — > M>o and a compactly supported vector field Z on M. n so that: 

• h(q) = dist(g, dV)~ 2 when q is sufficiently close to dV . 

• Z points strictly outwards on dV . 

• dh(Z) > everywhere on V. 

• Setting Z = y^jdg., sup \d g .Zj(q)\ < l/2n. 

For any e > 0, we set H £ (q,p) := \p\ 2 /2 + eh{q), and U £ := {H e < 1/2} C D*V. 

We show that U £ is a RCT-domain. We define H z G C°°(T*M n ) by F z (g,p) :=p-Z(q). 
We define a vector field Z on T*M n by 

Z := ^2pid Pt +X Hz . 

i 
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It is easy to check that LzU n = t*V ( ( ff)t denotes the flow generated by Z. i.e. ip = 
id T *R«, and d t (pf = Z((pf). 

Lemma 6.4. When e > is sufficiently small, dH e (Z) > on {H e = 1/2}. In particular, 
U~ = {H e < 1/2} is a RCT-domain. There exists T £ > such that <fi{U-) D D*V. 
Moreover, we can take T e so that limT e = 0. 

£^0 



Proof. By simple computations, 



pf+P 2 



Y J P l dp l (Z)(q,p) = \p\ 2 - J^PiPAMl) > \P\ 2 ~ Y. -^T 1 ■ SU P \ d « Z M ^ b! 2 /2, 

^ q&V 



h3 hJ 



dH £ (Z)(q,p) = J2PidPi{Z)(q,p) + edh(Z(q)) > \p\ 2 /2. 

i 

Hence there holds the following claims: 

• dH e (Z) > everywhere on D*V \{p = 0}. 

• ^PidpAZ) > on {\p\ = 1}. 

i 

• Z points outwards on {(q,p) | g G dV}. 

Since Z points outwards on dV, for sufficiently small e > 0, dh(Z) > on {h = l/2e}. 
Hence the first property implies that dH £ (Z) > on {H £ = 1/2}. By the second and 
third properties, (p^_ T (D*V) C D*V for any T > 0. Hence, for sufficiently small e > 0, 
there holds ^ T {D*V) C U~. It means that D*V C (£/")■ □ 



By Lemma EH there exist sequences E\ > £2 > - • • , T\ > T% > ■ ■ ■ such that: 

• C/jT := {H £k < 1/2} is a RCT-domain with respect to Z. 

• Setting [/+ := <fi% k (U^), there holds D D • • • and f)u£ = WV . 

k 

• lim Ek = lim Tj, = 0. 

k— >oo fc— >oo 

Since Ut = and L^tOn = w n , lim Cf#(U£) / Cp^U^) = li m eTfc = 1- On the 

other hand, cfh(^T) — c fu(D*V) < cfr(U^). Therefore there holds 

lim c FH (Uk) = lim c FH (£4 + ) = c F k{D*V). 

k—>oo k—>oo 

Lemma 6.5. Suppose that there exists a sequence (jkjk such that 7^ e &du~> w hich 
satisfies sup indcz(7/c) < rn and lim ^(7^) = a ; where m is an integer and a > 0. T/ien, 

i/iere exists a periodic billiard trajectory with at most m bounce times and length equal to 
a. In particular, a > 0. 

Proof. By our assumption, there exists : IR/r^Z — > {H Ek = 1/2} such that 
T k = X Hek (T k ), J ^2 Pi dqi = ^(j k ), ind C z(r fe ) < m. 
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For the last estimate, see Lemma 8 in j9]. Let q k '■ M/r^Z — > R n be the g-component of 
Tk- Then, by simple computations 

q k + e k Vh(q k ) = 0, + e k h(q k ) = 1/2, J \q k \ 2 dt = s/[p/ k ). 

Moreover, the following identity is well-known (see Theorem 7.3.1 in [10J ) : 

indMorse (qk) = ind C z(T k ) < m. 

To show that (q k ) k converges to a periodic billiard trajectory on V, first we show 
that liminf r k > 0. If this is not the case, by taking subsequence, we may assume that 

k 

lim r k = 0. Then, according to Proposition 2.3 in |4], there exists q^ G V such that (q k ) k 

converges to the constant loop at goo in C°-norm. However, this leads to the contradiction 
by the following arguments: 

• Suppose goo G V. Let K be a compact neighborhood of q in V. Then, for 
sufficiently large k, ltnq k C K. On the other hand, lim H^fe/ili^Hc 1 = 0, and q k 

k— >oo 

satisfies q k + £ k Vh(q k ) = 0, \q k \ 2 /2 + e k h(q k ) = 1/2. This is a contradiction. 

• Suppose g^ G dV. Let v be the inward normal vector of dV at goo- For any 
k, there exists 9 k G S 1 such that q k {6 k ) ■ v < 0. On the other hand, for any 
.t G V sufficiently close to goo, there holds V/i(:r) • v < 0. This contradicts to our 
assumption that g^ satisfies git + e k Vh(q k ) = for any fc. 

Thus we have proved liminf r k > 0. On the other hand, there also holds lim sup r k < oo 

k k 
by exactly same argumetnts as pp. 3312 in [lj (see also Lemma 15 in [9]). 

Since (r k ) k satisfies < liminf r k < limsupr fc < oo and indMorse (Qk) < m i Proposition 

k k 

2.1 and 2.2 in [1] shows that a certain subsequence of (q k ) k converges to a periodic billiard 
trajectory on V with at most m bounce times, and length lim (7^) = a. □ 

k— >oo 

Now, proof of Proposition 11.21 is immediate. 
Proof. By Lemma [6T21 (4), there exists 7^ G & du - such that s^(^ k ) = cpn(Ur) and 

k 

indcz(7/c) <n + l. Since lim cfh(^aT) = cpu(D*V), Lemma ESI concludes the proof. □ 

fc— i>oo 

6.3. Floer-Hofer capacity. In this subsection, we prove Corollary 11.41 First we need 
the following lemma: 

Lemma 6.6. For sufficiently small e > 0, the following holds: 

(1) For sufficiently large k, natural homomorphisms 

SE^\U+) m^(D*V), SRl^\D*V) SHt- 1 '^-) 

are isomorphic, and the above homology groups are isomorphic to Z 2 . 

(2) A natural homomorphism H n (V,dV) — > H n (A <£ (V), A <£ (V) \ A(V)) is isomor- 
phic. 
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Proof. Lemma 16.51 shows that liminf min H n+ i(dU k ) > 0. Then, for any < e < 

k 

liminf min E n+ i(d[/T), (1) follows from Lemma 16.21 (1). (2). In particular, Thoerem 11.11 

k 

shows that H n (A <£ (V), A <£ {V) \ A(V)) = Z 2 . Hence (2) holds when H n {V,dV) ->■ 
H n (A <£ (V),A <£ (V) \ A(V)) is injective. 

Let us fix p e V. Then, if < e < 2dist(p, 0V), any 7 G A <£ (V) \ A(V) satisfies 
7(5' 1 ) C V \ {p}. Hence we get a commutative diagram 

H n (V, dV) H n (A< £ (V),A< £ (V) \ A(V)) 




(ev), 



ij n (t/,n-b}) 

where the vertical arrow is induced by the evaluation map ev : 7 1— > 7(0). Since the 
diagonal map is isomorphic, the horizontal arrow is injective. □ 



Finally, we prove Corollary 11.41 



Proof of Corollary \1.4\ Our goal is to show that cfh(D*V) is equal to 

K ■= inf{6 I H n {V,dV) H n (A <b (V), A <b {V) \ A{V)) vanishes}. 

Take e > so that it satisfies the conditions in Lemma [6.61 Then, there holds 

K = inf{6 I H n [A <£ (V) , A <£ (V) \ A(V)) -> H n (A <b (V), A <b (V) \ A(V)) vanishes} 
= inf{6 I SHj^'^ZTF) SR^^V) vanishes}, 



where first equality follows from Lemma l6T^l (2). and second equality follows from Theorem 
11.11 Since cpu(D*V) = lim cpn(U£) = lim cfh(£^T), it is enough to show that cfh(^) > 

fc— ¥00 " k— ¥00 

6* and cfh(^) < K for any k. cfyl^U^) > 6* follows from the commutativity of 

shIt^W) — -sH^itf) 

SRl-^iD'V) SRl^^V). 

On the other hand, cfh(^T) — i>* follows from the commutativity of 

§YL [ - l > £ \D*V) §YL [ - l > b \D*V) 



s4-^(f/ fc -). 



□ 
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7. Floer-Hofer capacity and inradius 



The goal of this section is to prove Theorem 11.61 First of all, the lower bound 2r(V) < 
cpu(D*V) is immediate from the proof of Lemma ESI (2). The upper bound cpn(D*V) < 
2(n + l)r(V) is a consequence of the following lemma: 

Lemma 7.1. For any b > 2(n + l)r(V), there exists a continuous map C : V x [0, 1] — > 
A <b (V) which satisfies the following properties: 

(a) : For any x G V , C(x, 0) = c x := constant loop at x. 

(b) : Setting V := dV x [0, 1] U V x {1}, C{V) C A <b (V) \ A(V). 

Let us check that Lemma 17.11 implies the upper bound. By Corollary 11.41 It is enough 
to show that 

(l% : H n (V,dV) H n (A< b (V),A< b (V)\A(V)) 

vanishes when b > 2(n + l)r(V). Take C:Vx[0,l]-> A <6 (^) as in Lemma 17.11 Setting 
I : V — > V x [0, 1] by I(x) := (x, 0), consider the following diagram: 

H m (V, dV) {ib) * * H*(A< b (V),A< b (V) \ A(V)). 
h 

c, 

H*(Vx [0,1], V) 



(a) in Lemma 17.11 implies that the above diagram is commutative. It is easy to see that 
H,(V x [0,1], V) = 0. Therefore {t b )* = 0. This completes the proof of c ¥n (D*V) < 
2(n + l)r(V) modulo Lemma [7. II 



Now our task is to prove Lemma [7.11 Since b > 2(n + l)r(V r ), one can take p so that 
p > 2r(V) and (n + l)p < b. We fix p in the following argument. 

Lemma 7.2. For any p G V, there exists U p , a neighborhood of p in V and a continuous 
map a p : U p x [0, 1] —> A <P (V) so that the following holds for any x G U p : 

• For any < t < 1, cr p (x, t) maps G S 1 to x. 

• (T p {x,0) = C x . 

• a p (x,l)(£A(V). 

Proof. Since p/2 > r(V), there exists a smooth path 7 : [0, 1] — >■ V such that 7(0) = p, 
7(1) G dV and length of 7 is less than p/2. There exists a neighborhood U p of p and a 
continuous map r : U p — >■ iy 1,2 ([0, 1], V) such that 

• r(p) = 7. 

• For any x G T(x)(0) = x, T(x)(l) G 9V. 

• For any x G U p , length of T(x) is less than p/2. 

Now define a p : U p x [0, 1] ->■ A <P (F) by 

r(x)(2tr) (0 < r < 1/2) 



(7p(x,t)( 



T 



V{x){2t{\ - t)) (l/2<r<l) 
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Then, it is immediate to see that a p satisfies the required conditions. □ 



Lemma 7.3. Let (U p ) p&v be an open covering of V defined in Lemma 7.2 Then, there 
exists {Wj)i<j< m , which is a refinement of (U p ) pev and such that: 

For any x G V, the number of j such that x G Wj is at most n + 1. 

Proof. Actually this lemma is valid for any covering of V. By Lebesgue's number lemma, 
one can take 5 > so that any subset of V with diameter less than 6 is contained in some 
Up. We fix such 5, and take a (smooth) triangulation A of V so that every symplex has 
diameter less than 8/2. For each vertex v of A, Star(f) denotes the union of all open 
faces of A (we include v itself), which contain v in their closures. 

Let vi,...,v m be vertices of A, and we set Wj : = Star(vj) for j = 1, . . . , m. Since each 
Wj has diameter less than S, (Wj)i<j< m is a subdivision of (U p ) p£V . Moreover, if x G V is 
contained in a A> dimensional open face of A, the number of j such that x G Wj is exactly 
k + 1. Hence {Wj)i<j<m satisfies the required condition. □ 

Take (Wj) i<j<m as in Lemma [7_M Since it is a refinement of (U p ) pGV , one can define a 
continuous map Oj : Wj x [0, 1] — > A <P (V) so that the following holds for any x G Wj\ 

• For any < t < 1, (jj(x, t) G A <P (V) maps G S 1 to x. 

• CTj(x, 0) = C x . 

. aj(x,l)tA(V). 

For each 1 < j < m, let us take Xj ^ C°(V r ) so that < Xj < 1; su PPXj C W}, and 
Kj := {x G V | Xi(^) = 1} satisfies (j ^ = V". We define aj-.Vx [0, 1] -»■ A <P (V) by 

l<j'<m 



c x (x i Wj) 

o-j(x,Xj(x)t) (xeWj)' 

Then, it is immediate that dj satisfies the following properties: 



• For any x G V and < t < 1, 5~j(x, t) maps G 5 1 to x. 

• For any x G V", cry(a?, 0) = c^. 

• For any x G Kj, <7,(x, 1) ^ A(V). 

To finish the proof of Lemma 17.14 we introduce the following notation: 

Definition 7.4. For any 71,..., j m G A(V") such that 71 (0) = ••• = 7- m (0), we define 
their concatanation con(7i, . . . ,j m ) G A(V") by 

con(7i, . . . ,7 m )(t) := lj(m(t - — ) J ( — < t < J -^—, j = 0, .. .,m- 1 



mil \m m 



Proof of Lemma\7A\ We define C : V X [0, 1] ->■ A(V) by 

C(x,t) := con(ai(x,t), . . .,a m (x,t)). 

Since ai(x,t), . . . , a m (x, t) maps G S 1 to x, the above definition makes sence. We claim 
that this map C satisfies all requirements in Lemma 17.11 
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First we have to check that length of C(x,t) is less than b. Obviously, length of C(x,t) 
is a sum of length of aj(x,t) for j = 1, . . . , m. If x £ Wj, &j(x,t) = c x by definition. 
Hence &j(x,t) has length 0. Moreover, the number of j such that x G Wj is at most 
n + 1, by Lemma 17. 31 Hence length of C(x, t) is less than [n + l)p < b. Finally we verify 
conditions (a), (b). (a) follows from: 

C(x, 0) = con(ai(x, 0), . . . , a m (x, 0)) = con(c x , ...,c x )= c x . 

To verify (b), we have to check the following two claims: 

(b-1): For any xeV, C(x, 1) £ A(V). 

(b-2): For any x G dV and < t < 1, C(x,t) <£ A(V). 

We check (b-1). Since (-Kj)i<?<m * s a cover i n g of there exists j such that a; G K^. 
Then ^(x, 1) ^ A(V), therefore C(x, 1) £ A(V). (b-2) is clear since C(x,t) maps OeS 1 
to x V. □ 
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